ESS515/415 E&M Review
Maxwell’s Equations (MKYS)

O%xE= _%_ItB Faraday’s Law

OxB=pJd+ u@% Ampere’s Law

OB=0 No Magnetic Monopoles
OE = & Gauss Law
80
Source Terms:
N
> Ok
p= ChargeDensity = _A—V = e(n,—Nn_)2 species

( N is number of chargesin AV volume)

N e d

2 kv Kk
J = Current Density = k=1 - sn.e. v
AV % SeS S
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B=mH inplasma m® m, = permesbility of free
space
D=eE \yhere®P & = permitivity of free space

m @p’ 107 @L.26” 10 6 henry/m
e, @8.85 10 12 taradim

Speed of Light c=1/,/me, in free space
Lorentz force F =q(E+V~ B) where q = Ze

Coulomb’s Law

_.._ 1 , r-T . .1 r-r¢
E(r)=—"—"agq , or E(r)= : T (rgd°r
4peo i ‘r' r;‘ 4peoV - F¢
Sum over point charges integral over volume charge density

Biot-Savart Law ‘ ‘

. dl,” r-r

B(r) = b Lo 2 " Field at I dueto current loop |,
4 7 -1

Note both E and B havei2 dependence to elemental
r

current di” or elemental chargedr =rd?r
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Lorentz force on a point charge ® Force/volume

for chargedensity r . =e(n, - n_) for 2 species, or
r.=aze,n, forsspecies

§STS''S

S
(where s=electrons, ionl, ion2, etc, Z isnet ion
charge, eis+ or - one unit of charge)

F=q(E+v B)P F/vol=r _(E+V B)=r_E+r v B
= I’CE +nev’ B (for single species, or 1-fluid theory)

Ingeneral:| F/vol =r E+j B

Divergence Theorem N xAd°®r = pAxids

Example: Efield next to a charged conductor with
surface charge s :

where A=AA
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Steady State Solutions for E
Faraday: N” E =- B/t » 0 ° steady state

P E isderivablefrom apotential since
N” NA° 0
So, let| E = - NV where V = potential (scalar field),

N JE — N r
FromGauss Law N XE = —p [Ny =- —

e (0] e0
Poisson’ s Equation

E&M BoundarNy Cﬁonditions:
In steady state N E =0 sowecan use

("7 AxdS  pAxdl

integration
path

:>|I|'|1

Exdl E,xd = B

m
N

So , =E, Tangential Component of Eis
continuous across a boundary in the steady state
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Magnetic Field at boundary

—_

B,xA=0

N>xB =0 =¢BxdA
3 s

XA

or

Bln = BZn

Normal Component of B Continuous at an interface

Conservation of charge

—

~ - E
ook at N B:moJ+moeo’]”—t

take the divergence, remembering that NN~ A) ° 0

~ = TN xE oy
. but NxE =—, S0
1t €0

0=NxJ+-—-| Conservation of Charge

Note that in the steady state N xJ =0 which is
analogous to Kirchoff’'sLaw & 1, =0




Ohm’slaw

Simpleform: J =S E where s isthe conductivity
In the steady state N>J =0 ) b #N >‘(S~E)ﬁ= 0
so Ns xE+s (NxE) =0
gradient of conductivity Y Y=r /e,
Use this to determine E given S @d T

S (conductivity) depends on the medium
properties.

Inaplasmas isoftenvery larges P ¥ . (We
will derive S for aplasma)

Energy density

_ w =1 or vd°r
Total Electric energy 2 (the factor of 2
IS to avoid counting charges twice, See L& C p. 72)

— N[ 2
From Poisson’s Equation " =~ €NV

—_ \ /N1 2 3
W =-8,/20/NVA T 4nq use the vector identity:
NX(TA) = T(N>A) + AXNT 5ong with the
Divergence theorem to get

E %@E2d3r

(continued next page ...)



Energy Density (continued)

2
eE :eOE

SO 2 istheelectric field energy density
Similarly for B-field

2
e,="

2m

(0]
e,E° B’
eEM = 2 + 2
So we have m,
Electromagnetic energy Density

Lenz' Law

N ExdA=- % 38 A
from Stoke’ s Theorem:
oE >dl = - e | |

It were F isthe magnetic flux through
the surface and the left hand side isthe E.M.F.

1 - 1
- - —odxdl =-—F
J=sEsp s & it
Current flows in the loop to balance any change in
magnetic flux through the loop. Thisisvery useful
In plasma physics from microscopic to macroscopic

dimensions.





