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Abstract. Observational evidence for both static and transient near-field and far-field
triggered seismicity are explained in terms of a frictional instability model, based on a
single degree of freedom spring-slider system and rate- and state-dependent frictional
constitutive equations. In this study a triggered earthquake is one whose failure time has
been advanced by At (clock advance) due to a stress perturbation. Triggering stress
perturbations considered include square-wave transients and step functions, analogous to
seismic waves and coseismic static stress changes, respectively. Perturbations are
superimposed on a constant background stressing rate which represents the tectonic
stressing rate. The normal stress is assumed to be constant. Approximate, closed-form
solutions of the rate-and-state equations are derived for these triggering and background
loads, building on the work of Dieterich [1992, 1994]. These solutions can be used to
simulate the effects of static and transient stresses as a function of amplitude, onset time
to, and in the case of square waves, duration. The accuracies of the approximate closed-
form solutions are also evaluated with respect to the full numerical solution and ¢,. The
approximate solutions underpredict the full solutions, although the difference decreases as
t, approaches the end of the earthquake cycle. The relationship between At and ¢, differs
for transient and static loads: a static stress step imposed late in the cycle causes less clock
advance than an equal step imposed earlier, whereas a later applied transient causes
greater clock advance than an equal one imposed earlier. For equal A¢, transient
amplitudes must be greater than static loads by factors of several tens to hundreds
depending on #,. We show that the rate-and-state model requires that the total slip at
failure is a constant, regardless of the loading history. Thus a static load applied early in
the cycle, or a transient applied at any time, reduces the stress at the initiation of failure,
whereas static loads that are applied sufficiently late raise it. Rate-and-state friction
predictions differ markedly from those based on Coulomb failure stress changes (ACFS)
in which At equals the amplitude of the static stress change divided by the background
stressing rate. The ACFS model assumes a stress failure threshold, while the rate-and-state
equations require a slip failure threshold. The complete rate-and-state equations predict
larger At than the ACFS model does for static stress steps at small ¢y, and smaller A¢ than
the ACFS model for stress steps at large ¢t,. The ACFS model predicts nonzero At only
for transient loads that raise the stress to failure stress levels during the transient. In
contrast, the rate-and-state model predicts nonzero Az for smaller loads, and triggered
failure may occur well after the transient is finished. We consider heuristically the effects
of triggering on a population of faults, as these effects might be evident in seismicity data.
Triggering is manifest as an initial increase in seismicity rate that may be followed by a
quiescence or by a return to the background rate. Available seismicity data are insufficient
to discriminate whether triggered earthquakes are “new” or clock advanced. However, if
triggering indeed results from advancing the failure time of inevitable earthquakes, then
our modeling suggests that a quiescence always follows transient triggering and that the
duration of increased seismicity also cannot exceed the duration of a triggering transient
load. Quiescence follows static triggering only if the population of available faults is finite.

1. Introduction - lies many recent studies and even earthquake forecasts [e.g., -
o ) ) Toda et al., this issue; Nalbant et al., this issue; Nostro et al., this
Triggering may be thought of as a hastening of the time of jsqye]. Tt is also plausible that triggered earthquakes may be

occurrence of inevitable earthquakes. This hypothesis under- — « ) o» (Boatwright and Cocco, 1996; Gomberg et al., 1997); that

Copyright 1998 by the American Geophysical Union. is, earthquakes that would not have happened in the absence of
Paper number 98JB01125. the triggering load. Like numerous other studies, we focus on
0148-0227/98/98JB-01125$09.00 the first hypothesis. Many of these studies show a positive

24,411



24412

correlation between the spatial distributions of aftershocks, or
sequences of moderate to large events, with modeled changes
in static Coulomb failure stresses (ACFS) generated by earlier
nearby large earthquakes [Stein and Lisowski, 1983; Reasenberg
and Simpson, 1992; Harris and Simpson, 1992, 1996; Jaurné and
Sykes, 1992, 1996; Stein et al., 1992; King et al., 1994; Harris et
al., 1995; Hodgkinson et al., 1996; Nostro et al., 1997; Deng and
Sykes, 1997; Caskey and Wesnousky, 1997; Stein et al., 1997;
Pollitz and Sacks, 1997]. These studies generally assume that all
faults affected by the ACFS are truly locked during the inter-
seismic period and fail when the stress on the fault reaches or
exceeds a failure criterion given by Teuue = C + po,, in
which p is the effective coefficient of friction, o,, is normal
Stress, Teuure 18 Shear stress at failure, and C is the cohesion
(Figure 1).

The most compelling spatial correlations between ACFS and
triggered earthquakes appear to require time-dependent fault
strength and/or an additional delaying mechanism because of
the commonly observed delay between the triggering and trig-
gered earthquakes [Gomberg and Bodin, 1994; Harris, this is-
sue]. These observations are consistent with Coulomb failure if
the static stress change brings a prestressed fault closer to (or
farther from) failure, and the background tectonic loading
simply finishes off the job: the triggered earthquake simply
occurs ahead of schedule [Harris and Simpson, 1992; King et al.,
1994] by an amount referred to as the “clock advance” At
(Figure 1). -

The simple Coulomb failure criterion does not account for
all of the observations of triggered seismicity. Coulomb failure
analysis only allows for delayed triggered seismicity to be in-
duced by a change in the static stress field (Figure 1), whereas
long-range interactions between earthquakes have been ob-
served where static stress changes are negligible [Kanamori,
1972; Rice and Gu, 1983; Newhall and Dzurisin, 1988; Keilis-
Borok and Kossobokov, 1990; Kagan and Jackson, 1991; Hill et
al.; 1993, 1995; Dieterich, 1994; Pepke et al.; 1994; Kossobokov
and Carlson, 1995; Press and Allen, 1995; Protti et al., 1995;
Stark and Davis, 1996; Sturtevant et al., 1996; Singh et al., 1998].
For example, the observation of widespread increases in seis-
micity (sometimes delayed) after the Landers earthquake, at
distances where the static Coulomb stress changes were negli-
gible, led many to consider the possibility that transient defor-
mations (i.e., due to seismic waves) triggered the remote earth-
quakes [Hill et al., 1993; Anderson et al., 1994; Gomberg and
Bodin, 1994; Gomberg, 1996]. The triggered sites have been
shown to be uncorrelated statistically with regions of high heat
flow [Anderson et al., 1994]. Contrary to the assertion by some
that transient triggering does not occur [Scholz, 1998], we sug-
gest that such skepticism in part reflects observational difficulty
of associating one earthquake with the passage of seismic
waves from another, particularly if triggering is delayed. In-
deed, triggering of earthquakes by man-made transient stress
changes, albeit having longer duration than seismic waves, has
long been accepted [Raleigh et al., 1976; Kisslinger, 1976; Simp-
son, 1986; Seeber et al., this issue].

The simple Coulomb failure model alone also does not ex-
plain the time-dependent nature of the failure threshold. For
example, observations of repeated earthquakes for which the
stress drop varies systematically with recurrence interval [Ka-
namori and Allen, 1986; Scholz et al., 1986; Vidale et al., 1994;
Marone et al., 1995] require that the failure strength increases
with recurrence interval. These observations imply that the
failure strength of faults depends on time and/or stressing rate.
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Related time-dependent effects are seen in studies of triggered
seismicity where deformation changes (loads or, equivalently,
stresses and strains) having a variety of time histories show that
the failure threshold does not have a constant amplitude. In-
stead, triggering must depend on load amplitude, rate, and
duration (ie., it must be frequency-dependent). Evidence for
this dependence comes from triggering of earthquake swarms
at The Geysers, California, by some near and (large) distant
earthquakes and by production of geothermal power, and from
alack of triggering by tidal stresses [Gomberg and Davis, 1996;
Vidale et al., this issue]. Existence of a triggering threshold that
is a continuous function of frequency at The Geysers suggests
that the same underlying physical process may apply regardless
of the time history of the triggering load [Gomberg and Davis,
1996]. This further implies that the mechanism causing long-
range triggering is neither extraordinary nor different from
that causing static triggering at short distances.

Observational evidence indicates that the failure strength of
faults in the Earth is not temporally or spatially constant.
Therefore we adopt an alternative fault strength relation. We
model the sensitivity of faults to triggered failure using a rate-
and-state variable friction model. The rate-and-state variable
equations [Ruina, 1983] were developed to characterize labo-
ratory observations of fault friction and fault strength depen-
dence on slip, time, and sliding velocity. Previous studies have
found that fault models based on these relations reproduce
many aspects of earthquakes and seismicity [Dieterich, 1979,
1981, 1986, 1994; Rice and Gu, 1983; Gu et al., 1984; Gu and
Wong, 1991, etc.]. An additional advantage to rate-and-state
fault strength relationships is that the equations are related to
known physical properties of the fault which likely influence
the sensitivity of natural faults to triggered slip. These proper-
ties include the fault surface roughness [Dieterich, 1978, 1979],
contact area [Dieterich and Kilgore, 1994], thickness of the
gouge zone [Marone and Kilgore, 1993], and pore pressures and
fluid flow [Sleep and Blanpied, 1992; Sleep, 1995, 1997; Segall
and Rice, 1995]. Landers observations provide evidence that
local physwal characteristics and the orientation of a fault may
exert primary influences on how it responds to applied defor-
mations [Anderson et al., 1994; Spudich et al., 1995; Gomberg,
1996; Gomberg and Davis, 1996; Gomberg et al., 1997]. The
application of physically based rate-and-state frictional fault
models to earthquake triggering should lead to increased un-
derstanding of the observations.

In this study, earthquakes are modeled as frictional instabil-
ities of a massless slider block loaded by a spring. This physical
system is analogous to a single fault patch of fixed dimensions
that ruptures in an elastic medium [Dieterich, 1986, 1992] (Fig-
ure 2). The fault surface obeys rate-and-state friction and un-
dergoes stick-slip failure when subjected to a constant back-
ground loading rate. To explore earthquake triggering, stress
changes of two types are added to this background load: step
increases, which represent coseismic static stress changes, and
square wave “transients,” which represent the passage of seis-
mic waves. Numerical models of rate-and-state frictional sys-
tems show the square wave load to have similar effects on At
as an oscillating transient load [Gomberg et al., 1997], the latter
being most similar to seismic waves but the former being easier
to deal with mathematically. These stress perturbations lead to
triggered failure; in other words, they cause a change in the
failure time, or clock advance Az, relative to that observed for
background loading alone. The potential for both static and
transient loads to alter the timing of earthquakes is quantified
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Figure 1. (a) Schematic illustration of the Coulomb failure model for a fault loaded at a constant back-
ground rate, d,/dt (solid thin lines). Failure occurs when a threshold stress is reached and the accumulated
stress is dropped. The cycle time is zeroed each time the stress drops. Although temporal changes in failure
stress thresholds or stress drops are permitted in a Coulomb failure model, there is nothing in the underlying
theory to-explain how or why such changes would occur. Moreover, clock advances would result from changes
in failure stress thresholds or stress drops and could not be distinguished from those attributed to ACFS. In
other words, to be testable, models that associate ACFS with clock advance require a temporally constant
failure stress threshold and stress drop. If a step function load with amplitude ACFS is added to the
background at any time ¢, from the cycle start (shaded lines), the failure time is advanced by At =
ACFS/(d7,/dt). The fault remains locked (does not slip) until the failure stress threshold is reached. (b) The
same Coulomb failure model as Figure la except that the triggering load is a square wave. Because the
triggering load is transient and returns to the background only level, it does not cause a clock advance. If the
transient load were large enough to reach 7g,;),,, failure would occur during the transient and Az ~ ¢, — ¢,.

by the development of approximate closed-form solutions to earthquake triggering both in the near field where both static
the rate-and-state equations for the cases of a single stress step ~ and transient deformations are of comparable magnitude and
(similar to those derived by Dieterich [1992, 1994]) and a single at remote distances where static deformations are negligible.
square wave transient. These solutions can be used to model ~We evaluate the accuracy of the closed-form solutions with
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Figure 2. (a) Cartoon of our spring-slider model [from
Gomberg et al., 1997]. A constant normal stress o, is applied to
a massless block that sits on a frictional surface, connected to
a spring with spring constant k. The load point x,, (solid dot)
is displaced by loads that are applied with a constant “back-
ground” load velocity V,, (large arrow) plus some additional
triggering displacement load which has a time history de-
scribed by f(¢) and amplitude 4. In this study we use a sim-
plified representation of seismic waves for which f(z) equals a
unit amplitude square wave, or a step function representing a
coseismic static stress change. These loads cause the slider to
move with velocity V(¢). (b) In the analogous fault model, two
blocks of elastic material separated by a vertical fault (darker
shading) undergo relative displacement (slip). Slip across the
fault surface is driven from a load point at a distance L with a
fault-parallel constant velocity V,, plus a triggering load de-
scribed by Af(¢), resulting in a slip instability on the fault
(asterlsk) For a fault with fixed area the stiffness equals G/L
in which G is the rigidity of the blocks.

respect to complete numerical calculations. Both the closed-
form and numerical solutions are used to investigate the de-
pendence of At and stress at failure initiation on triggering
load characteristics, particularly on when the triggering load is
applied, ¢,.

2. Model Formulation

We solve the rate-and-state equations numerically [also see
Gomberget al., 1997] and also obtain approximate closed-form
(analytical) solutions for At associated with square-wave and
step function triggering loads. Our analytic formulation ex-
tends that of Dieterich [1992, 1994] to explicitly consider the
effect of a transient triggering load for a single earthquake
source. The closed-form expressions provide direct insight into
the response to both static and transient loads and enable us to
calculate explicitly the effects of triggering load characteristics
on the timing of subsequent earthquakes. The numerical cal-
culations using the full rate-and-state equations allow us to
determine the range of validity of the closed-form expressions.
The numerical calculations also permit us to explore triggering
responses beyond the range of validity of the closed-form ex-
pressions for a limited discrete set of parameters.

Frictional instability (stick-slip sliding) results when fault
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strength 7 decreases more rapidly with slip x than the elastic
stiffness of the surroundings, k = dr/dx. Assuming that shear
stress in the plane of the fault is proportional to normal stress
g, and assuming quasi-static motion, the friction is propor-
tional to the difference between the load point displacement
xp(¢) and slip on the fault x(¢) [Dieterich, 1981}:

= k[x, —x] (1a)

m=r/0,
or

d pldt = kldx,jdt — (1b)

(Figure 2). Laboratory measurements show that fault friction is
a function of time, slip, and slip velocity. These effects can be
combined into one rate-and-state variable constitutive equa-
tion [Ruina, 1983]:

()= pot almn[VO)/Vol+ b n[E@)Vodl]  (2)

“Rate” refers to the (slider) velocity, V = dx/dt, or rate at
which the fault slips. “State” ¢is a function of time and slip and
represents the physical properties of the fault surface or gouge
(e.g., contact area or age, width of the deforming shear zone,
porosity). Here d, represents a critical slip distance over which
a population of contact points evolves, a and b are dimension-
less empirically determined parameters, and u, and V,, are a
reference frictional coefficient and velocity, respectively. We
also assume a constant normal stress o, as in the studies of
earthquake nucleation by Dieterich [1992] and Roy and Marone
[1996], among others. State is described by [Ruina, 1983]

dg()ldr =1 = &V (1)/d, (€)

which requires that the fault ages and strengthens when sta-
tionary or is slipping slowly (V =~ 0, d&/dt ~ 1) as required
by lab observations [Dieterich, 1972] and the existence of re-
peated earthquake sequences [Brace and Byerlee, 1966]. Equa-
tion (3) also implies that the fault weakens when slipping
quickly (V' > 0, d&/dt < 0), as in laboratory observations’
[Okubo and Dieterich, 1986] and theoretical considerations of
failure [Ida, 1972; Palmer and Rice, 1972]. As the system ap-
proaches instability, the fault slip accelerates rapidly. As V'
increases, £ decreases, allowing the fault to slip more easily.
We seek to derive a single closed-form expression for V(t)
for loads with different time functions. This is because closed-
form expressions for At are based on a failure criterion in
which slip accelerates to high velocity. Recalling the assump-
tion of quasi-static motion implicit in (1), we limit the scope of
our study to the onset of rupture and failure, where inertial
terms can be neglected. Building on the work of Dieterich
[1992, 1994], we consider a general load displacement in (1),

(42)

V, is a constant “background” load velocity (e.g., that due to
plate motions), 4 is the amplitude of some additional trigger-
ing displacement load which has a time history described by
f(t), and x; ;, is an initial displacement. Multiplying (4a) by the
stiffness £ yields

xp(2) = Vit + Af(t) + Xinie

o = et + Bf(£) + Wini> B = Ak

The rate at which shear stress grows due to background load-
ing is described by 1, o, = (dp,/dt)o,, = kV,o,. Bo, is the
peak shear stress of a triggering load, and w0, is initial
shear stress. The load point velocity is

(4b)
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dx\/dt =V, + Adf(t)/dt (4c)

For the numerical calculations the time derivatives of w, & and
Xy, are calculated at each time step according to (1), (3), and
(4c), respectively; w, & and x, are calculated at subsequent
time steps using a Runga-Kutta algorithm, and ¥ and then x
are solved for using (2).

To derive the differential equation governing the evolution
of displacement and thus of V(¢), we begin by substituting (4c)
and (1) into the constitutive equation (2) and rearranging. This
yields

V(1) =dx/dt = Vyexp{[um(t) — po— bIn (Vit/d,)]/a}
=Vyexp {[ gt + Bf(2) + i — kx — pg
—bln (Vy&/d,)]/a} )

Following Dieterich [1992, 1994], the state evolution equation
(3) has the approximate solution

f = ginit eXP ["x(t)/dc] (6)

when VE/d . > 1. As will be shown, this approximation is only
valid in the later portion of the earthquake cycle, as the slip
accelerates toward failure. Using this approximate solution, (5)
may be written as the differential equation

dx/dt =V exp {[ft + Bf(¢) + x(t)y]/a}

V, = Voexp {[ i — o — b In (Vobi/d)la} y = (bld. k),

in which starting conditions are embodied in the velocity V.. In
our numerical calculations, &, and w;,;, are specified such that
the initial stress or friction equals a fraction of the steady state
value (see Table 1). In our closed-form solutions, &, and w;;,
are set equal to values obtained from the numerical calcula-
tions at a time late in the cycle such that the approximation
(equation (6)) is valid.

A general expression for the clock advance results from
solving (7) by integrating according to

fx exp [ 2] v - VJP{W_BJ‘M} i @
0 0

Table 1. Parameters Used for Numerical and Appropriate
Closed-Form Solution Calculations

Parameter Value
a 0.005
b 0.010
Ko 0.7
d.,m 0.001
klk i 0.025
V, =V, m/s 10710
Vg, m/s 101
V(t,), m/s 10710
I‘L(to) 0'991“’”

In the numerical calculations, §(¢¢) = &, is set so that the initial
stress or friction equals u(ty). V, is the sliding velocity when the
system is at steady state. See Gomberg et al. [1997] for justification of
this choice of values and associated references. (Note that a wide range
of values are plausible, and these are simply one such set.) Initial
conditions for analytic calculations are taken from numerical calcula-
tions, as indicated in corresponding figure captions. These values result
in a background loading rate dr/dt equal to 0.04 MPa/yr.

24,415

Table 2. Load Functions (Equation (10))

Load Function L
e (fulga)[1 ~ exp (Bla)] - 1

(it /a) exp (juto/a)exp (Bla) — 1] — 1

Loading Type

Background plus static
(step)

Background plus transient
(square wave)

Background -1

The time function f(t) is easily defined for triggering loads
imposed at onset time ¢, For the square wave of width z,, it is

f()y=1 to<t<ty+t, f(t)=0 otherwise (9a)
or for a step itis
f=1 t,< t, f) =0 otherwise  (9b)

Using either (9a) or (9b) in (8), we integrate (8) to obtain an
expression for the displacement expressed in a generalized
form, valid for either square wave or step loads;

x(t) = —a/yIn{l — (Vyy/p,)[exp (By/a) exp (fpt/a) + L]}
(10a)

L is a constant determined by what type of loading is applied

(see Table 2) and is herein referred to as the load function.

Note that B, in (10a) equals the amplitude of the step (i.e.,

B, = B for the step, and B, = 0 otherwise) and is nonzero

only for the step load. '
Differentiating (10a) yields the velocity

V(t) = Vexp (By/a) exp (pst/a){1 — (Viv/iks)

- [exp (By/a) exp (jt/a)+ L1}

We can now obtain a general expression for the clock ad-
vance by equating the velocities with and without any trigger-
ing load and solving for the time difference. While a clock
advance can be defined using (10b), for any arbitrary choice of
sliding velocity, we wish to determine the clock advance of the
failure time. Here we define the time failure initiates as occur-
ring when V'(¢) becomes large, keeping in mind that because of
the quasi-static assumption implicit in (1) we are required to
consider this time as prior to the onset of dynamic motion.
Hereafter, we use the term “failure” to refer to the initiation of
failure as just defined (omitting “initiation of” for simplicity).
This definition of failure is identical to that used by Dieterich
[1992, 1994], and just as he does, we define the nominal failure
time ¢, as the time of failure with only a background load (B,
= 0and L = —1, Table 2) by solving (10b) for V'(t;) ' = 0.
The nominal failure time ¢ = ¢, is [Dieterich, 1994]

(10b)

tp=(a/pp) In [1+ p,/Vyy] (11)

The difference between this failure time and one derived as-
suming a smaller velocity consistent with the quasi-static as-
sumption is negligible (seconds relative to At of the order of
days or years) as long as V at failure is much greater than the
average long-term fault slip rate V,, [Dieterich, 1994]. The time
of failure when a triggering load perturbs the background, ¢,
may be found similarly, using the appropriate load function L
(Table 2) and amplitudes B and B,. The clock advance is the
difference between these, or
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Transient Stress Change Onset vs Failure Times
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Figure 3. Calculations describing the relationship between
time of instability and the time at which (a) a square wave of
duration ¢,, = 2000 s or (b) a step triggering load is applied,
to. Curves show when instability occurs as a function of z, for
a particular load amplitude (listed in megapascals on each
line). In this example, in the absence of a triggeriig load,
instability occurs at ¢, = 108.06 years (horizontal dashed
line). Parameters used are listed in Table 1. The clock advance
At is the time interval (vertical distance) between a particular
curve and ¢,. Times of failure and clock advances were calcu-
lated using (12) and Table 2 and checked at several points
using numerical calculations. The approximate calculations
correctly predict the general features of the system responses,
although the failure times are in error by a few percent when
to ~ trand increase as t, decreases (see Figure 5). V (equa-
tions (7) and (12)) is calculated using parameters in Table 1
and values of u,, and &, estimated from the numerical
solution at 108.0 years. Note the different vertical axis time-
scales for Figures 3a and 3b.
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At=ty—t,=By/py—.alp,In{l — [L + 1] exp (—pptda)}
(12)

Note that the term By/i, = O for the transient load.
Animportant implication of this rate-and-state model is that
the total slip (upper displacement limit of the left-hand inte-
gralof (8))is a constant for any given set of model parameters.
As will be discussed in section 3, this implies a constant slip
threshold for failure, in contrast to the stress threshold of
Coulomb failure. To demonstrate the existence of a slip thresh-
old, we note that for the slip at failure to be constant, the slip
with a triggering plus background load, x = x,(t,), must equal
that for a background load only, x = xAt/), regardless of the
loading history. For x{¢,) to be equal to x,(t,), from (10a)
describing the displacement, the following equality must hold:

exp (Bg/a) exp (ppt,/a) + L = =1+ exp (putfa)

This is true because it is simply a restatement of (12) which was
derived by equating velocities.

3. Frictional Instability Models

Much of the observational evidence for triggered seismicity
cited in section 1 may be explained in terms of frictional in-
stability, using numerical and/or approximate closed-form for-
mulations. The examples we present are meant to illustrate the
fundamental properties of these models, noting that the num-
bers obtained depend on the parameter values chosen (e.g., d..,
a, b). We use values consistent with previous studies (see
Gomberg et al. [1997] for discussion and accompanying refer-
ences). Equation (12) clearly shows that the clock advance A¢
depends on more than just the amplitude B of the triggering
load. Numerical results presented below and by Gomberg et al.
[1997] demonstrate this to be true for transient loads applied
throughout the earthquake cycle. Consequently, Coulomb fail-
ure model predictions differ significantly from those which
account for rock physics embodied in rate-and-state friction
relations. For example, Coulomb failure models predict no
change in the time of failure (A¢ = 0) for any transient load
(Figure 1) (except when it raises the stress to the threshold
stress level, in which case failure occurs during the transient, so
that for short-duration transients At is essentially single-valued
or At = t; — t,). The numerical rate-and-state modeling
experiments of Gomberg et al. [1997] showed that a small-
amplitude transient load, even an oscillating load, may bring a
fault closer to failure. This is because of the logarithmic de-
pendence of the friction on rate and state and because the state
evolution ‘equation (3) implies a competition between a
bounded healing rate and an unbounded weakening rate.

The relationship between At and ¢, predicted by (12) differs
for the transient and static loads. This difference has implica-
tions not only for their effects on the timing of triggered earth-
quakes but also for the stresses required for failure. For both
types of triggering loads the delay (failure time minus ¢,)
decreases the later the load is applied (Figure 3). For a tran-
sient load, At increases with increasing ¢, (Figure 3a), while for
a static load the opposite is true: At decreases with increasing
to (Figure 3b). (Thus a stress step imposed late in the earth-
quake cycle causes less clock advance than an equivalent step
imposed earlier.) This contrast appears to be independent of
the specific form of the transient, as suggested by similar re-



GOMBERG ET AL.: EARTHQUAKE TRIGGERING, TRANSIENT AND STATIC

sults for oscillating transients in the numerical study of
Gomberg et al. [1997]. Note that differentiation of (12) with
respect to ¢, shows that dAz/dt, is always positive for the
square-wave transient and negative for the step.

The reason for the difference between the responses tostatic
and transient loads may be understood by noting that in the
static case, the earlier an additional permanent load is applied
the longer the duration over which its effect accumulates (lead-
ing to a greater net effect or At). For transients the duration
t,, is the same regardless of ¢,. However, the fault slips more
slowly for earlier values of ¢, so it takes relatively more time to
become unstable when ¢ is earlier, resulting in a smaller clock
advance [Gomberg et al., 1997]. The differing effects of tran-
sient and static loads may be shown explicitly by noting that the
velocity (equation (10b)) and clock advance (equation (12))
increase as the load function L increases. L increases for a
transient applied later (larger ¢,). However, L increases for a
static load applied earlier (smaller #,). This relationship be-
tween L and ¢, (Table 2) and the relationship between the
transient and static load become clear by considering the static
load function as a sum of transients. Applying a static load
earlier and thus for a longer time is equivalent to adding more
transients so that a larger L and a greater clock advance result.
This is demonstrated mathematically in the appendix.

The relationships between ¢, and At also have significant
implications for the stresses required for failure. The rate-and-
state-based relationships imply that a constant amplitude stress
failure threshold does not exist, while such a threshold is im-
plicit in Coulomb failure models (Figure 1). Instead, the fric-
tional instability model predicts that the stress amplitude at the
time of failure depends on the loading history. Numerical cal-
culations illustrate a crucial difference between frictional in-
stability and Coulomb failure models (Figure 4). For instability
models and static loads the stress at failure will be less than the
background-only value when ¢, is small and may exceed it for
loads applied late in the cycle (Figure 4a). For transient loads
the stress at failure will always be less than it would have been
without any triggering load, whereas in the Coulomb failure
model a transient has no effect on the stress at the time of
failure (Figure 1).

The clock advance in the rate-and-state model determines
the failure time and thus the peak stress at failure. A variable
stress at failure results from (1) the dependence of Az on ¢,
(2) the proportionality between stress and load displacement
which follows from equation (1), and (3) the fact that the slip
at failure is constant and equal to x, (equation (13)). All these
factors imply that in the absence of a triggering load, from
equation (1) evaluated at t = f, the stress on the fault at

failure equals
Tr= O'nk[xlp(tf) - Xf] = Unk[Vb[f_ .X'f] (143.)

(Recall that ¢ (equation (11)) is the failure time in the absence
of a triggering load.) When a static load of amplitude o,kAx,,
is applied at ¢ = ¢, the stress at failure equals

= O'nk[xlp(tf— At) _Xf]

Tstatic
= O'nk{Vbto + Axlp + Vb[tf— to — At] —Xf}

= o k{Vlt; — A] + Axy, — xg} (14b)

Thus, differencing (14a) and (14b) shows that a static trigger-
ing load changes the failure stress by

ATstatic = Unk[Axlp - VbAt] (153)
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A transient triggering load only lasts for a short duration so
that the change in stress at failure is

AT ansient = — 0',,k VoAt (1 Sb)

Equations (15) demonstrate that the change in failure stress
due to a triggering load is proportional to the clock advance,
that for a transient load the stress at failure will always be less
than it would have been without any triggering load, and that
for a static load it may be larger or smaller depending on the
relative sizes of Ax,, and V', At. For transient loads the failure
stress is smaller the later it is applied because At is greater for
later values of ¢,. For static loads applied early, Az will be

- greater than Ax,,/V, and the failure stress will be less than the

background-only value. However, late in the cycle At becomes
smaller than Ax,/V, and the stress at failure may actually
exceed the background-only value (Figure 4a). Note that
AT ansiens a0d AT, are not equivalent to ACFSs which de-
scribe the change in the Coulomb stress acting on a fault;
instead, they describe the change in failure stress, which is
constant for the Coulomb model.

The predictions of the rate-and-state and Coulomb failure
models for static stress steps are compared in Figure 5, in
which we plot the failure time as a function of ¢,. For the
Coulomb failure model, Af is a constant until ¢, equals or
exceeds the clock-advanced failure time, beyond which trigger-
ing becomes instantaneous. The Coulomb failure model un-
derpredicts At for triggering loads applied early in the cycle
and overpredicts it late in the cycle compared to the numerical
rate-and-state calculations (Figure 5). In the example shown
which uses the parameters in Table 1, after 55% and 85% of
the cycle has elapsed, the Coulomb prediction differs from the
rate-and-state value by —26% and +36%, respectively.

Figure 5 also illustrates the accuracy of the approximate
closed-form equations with respect to ¢,. The analytically cal-
culated clock advance always underpredicts the full solution to
the rate-and-state equations. In the example shown in Figure 5
this error is small for large values of 7(; e.g., at 85% of the cycle
time the analytic prediction is in error by 10%. It exceeds 30%
when ¢, occurs before 55% of the cycle has elapsed. Although
the error depends on the model parameters, this and other
examples demonstrate that caution should be exercised when
using these approximate equations to predict the clock ad-
vance. Note also that the relationships illustrated in Figures 4
and 5 and discussed above are specific to the evolution equa-
tion (3) we have used. The variation of At with ¢, may differ
considerably for other evolution equations proposed in the
literature [Ruina, 1983]. We chose (3) because it properly
accounts for the healing required by experimental observations
(ie., & increases with the time of stationary contact) [Dieterich,
1979; Dieterich and Kilgore, 1994; Beeler et al., 1994], because it
has been widely utilized and studied and because it permits the
approximations that lead to closed-form equations (12).

Equation (12) can be used to assess the relative potency of
coseismic static stress changes and of transient loads, such as
those due to seismic waves, to alter earthquake timing. Esti-
mated ratios of peak transient to static stresses from the Land-
ers earthquake range between 48 and 200 at distances of 165—
740 km (Table 3) [Hill et al., 1993; Gomberg, 1996; Gomberg
and Davis, 1996]. Except for a lack of seismicity at Parkfield,
California, these estimates correspond to sites where seismicity
rates increased after the Landers earthquake. Similar ratios
are obtained from theoretical calculations of transient and
static stresses from the Landers earthquake at distances of
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Figure 4. Numerical calculations of (a) the fault stress and (b) displacements on a fault under a constant
background loading and when subjected to step (static) triggering loads. Examples are shown for triggering
load amplitudes of 0.625 MPa applied at #, = 30 years (thin solid curves) and 100 years (shaded curves), and
for only background loading (striped curves) for which ¢, = 108.06 years. Model parameters are listed in
Table 1. Note that at the time of failure the fault displacement is constant and the stress at failure is lower and
higher than the background-only value for triggering loads applied at ¢, = 30 years and ¢, = 100 years,
respectively. Also note that the clock advance is smaller for the load applied at ¢, = 100 years than at ¢, =

30 years.

10-100 km [Cotton and Coutant, 1997]. We assume static and
transient stresses may be represented by step and square-wave
time functions and calculate At for a range of load amplitudes
and step function durations using (12). Our approximate
closed-form expressions predict ratios of transient to static
load amplitudes consistent with the aforementioned studies for
triggering loads applied in the latter ~10% of the failure cycle.
For example, a ratio equal to 64 is predicted for ¢, = 107
years; that is, a square wave amplitude of 5.0 MPa and dura-
tion of t,, = 200 s will cause an equal clock advance as a step
load of ~0.078 MPa (Figure 6). Consistency is poorer when the
triggering load is applied earlier in the cycle because the ratio
between transient and static load amplitudes required to effect

equal clock advance becomes very large. This is because as ¢,
decreases, At increases for static loads and decreases for tran-
sient loads. The agreement between our estimates with the
aforementioned ratios suggests that some natural static and
transient triggering is consistent with the frictional instability
model (noting that we have neglected any changes in normal
stress). The transient to static amplitude ratios also suggest
that transient triggering is more likely for faults that are close
to failure. We may derive from (12) and Table 2 a general
expression describing the amplitudes and durations for which
the clock advances from transient (square wave) and static
(step) loads will be equal. This expression may be simplified for
loads applied late in the cycle and for static stress changes of
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Figure 5. Failure time as a function of the time ¢, that a static shear triggering load of 0.625 MPa is applied.

Numerical model (thick solid curve) calculations use

parameters in Table 1. Predictions of the closed-form

equations (12) (shaded curve) are calculated using the same parameters described in Figure 2 for a single
static load of 0.625 MPa. The clock advance Az equals the difference between the failure time and £, = 108.06
years. At = 15.9 years for the Coulomb failure model and is independent of #, (thin solid line), until ¢, =
t, — At, when triggering becomes instantaneous (thin striped line).

the order of several hundredths megapascals, of the same
order as those inferred to correlate with increased seismicity
rates. When these criteria are met, f,(¢; — to5)/a << 1 and
B /a << 1 and the square wave and step amplitudes that result
in approximately equal clock advances satisfy

Btransient ~aln {[(tf - tO)/tw](Bstatic/a)}

For example, the transient amplitude must be an order of several
hundred times greater than the static value for values appro-
priate to faulting (i.e., ATy ansientd/ATstatic =
179if¢,, ~ 1000 s, (t; — t5) =~ 1 year, Aty static =
0.020 MPa, a = 0.005, then AT, gient = OB iransient = 3-57
MPa). Note that the absolute amplitudes of both the modeled
static and transient loads needed to generate clock advances of
the order of a year or more exceed those observed by approx-

imately an order of magnitude (e.g., from Figure 6, Az =~ 300

(16)

Btransient/B static
=c,B

Table 3. Static and Transient Stress Change Estimates,
Landers Earthquake

Distance, Static, Transient,
Site km MPa MPa Transient/Static
‘Indian Wells  165-205 0.002-0.006 0.8 133-200
Little Skull 240 0.0028 0.2 72
Mountain
Parkfield 410 0.00069 0.15 217
Geysers 740 0.00087 0.042 48

Estimates of changes in coseismic static [Hill et al., 1993] and tran-
sient [Gomberg, 1996; Gomberg and Davis, 1996] stress changes caused
. by the Landers earthquake. Seismicity increases were observed at all
sites except at Parkfield.

days when A7, = 0.6 MPa and A7, gen = 5.0 MPa, ¢, =
1000 s for t, = 107 years). Although better agreement would
clearly be more satisfying, these calculations are based on
constitutive parameters measured in laboratory experiments at
room temperature and short timescales; it is likely that the
relevant parameters differ for real earthquake processes. In
addition, a simple spring and slider block model clearly cannot
account for the complexity of the real earthquake rupture
process.

Equation (12) also allows us to examine the relationship
between triggering load amplitude and clock advance, noting
that a linear scaling between these is implicit in many studies
that invoke the Coulomb failure model [Harris and Simpson,
1992, 1996; Stein et al., 1992; King et al., 1994; Nostro et al.,
1997; Deng and Sykes, 1997; Pollitz and Sacks, 1997]. Figure 7
plots At as a function of load amplitude Ar. As in Figure 5,
Figure 7b shows that the assumed linear scaling overpredicts
the clock advance. Equation (12) and Table 2 describe the
relationship between clock advance and triggering load ampli-
tude and show that larger loads lead to greater clock advances.
However, as (12) and Figure 7b show, At only scales linearly
with the load amplitude for the step function load when it has
small amplitude. When By/a = (At/ao,) is small, the step
function clock advance becomes

At ~ [By/f1s) = [AT/7,]

The closed-form equations (12) also show that Ar for the
square wave is much smaller because its corresponding load
function L is smaller by a factor approximately equal to fi,tf,,,,
(Table 2) and because it lacks the linear term (i.e., By = 0)
that leads to the linear scaling. Note that (17) also is mathe-

a7
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Figure 6. Comparisons of the clock advances resulting from
static and transient loads applied at (top) t, = 100 years and
(bottom) ¢, = 107 years. The cycle time in the absence of a
triggering load is 108.06 years. Dashed lines show the relation-
ship between clock advance At and transient duration ¢,, pre-
dicted by (12) for different amplitude (MPa) square wave
loads. Solid lines show At predicted for various step load am-
plitudes (MPa). The model parameters used are the same as in
Figure 2. Results plotted in Figure 5 suggest that these calcu-
lations should differ from the full numerical solution by <10%.

matically true for small ¢, but the closed-form expressions are
not valid in such cases. Numerical calculations shown in Figure
5 show that the approximate solutions become equal to the
Coulomb failure model predictions at small #,; however, they
are inconsistent with the more accurate numerical solutions.
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Figure 7. Clock advances A¢ predicted by (12) and Table 2
for varying load amplitudes (thick curves) at t, = 107 years.
The shaded horizontal lines indicate the maximum clock ad-
vance or when instability occurs instantaneously upon applica-
tion of the triggering load. See Figure 2 for initial conditions.
(a) Results for a square-wave load with duration z,, = 1000 s.
(b) Results for a step load. The striped curve shows Az assum-
ing it scales linearly with the load amplitude as in Coulomb
failure models. Note that the axes differ in Figures 7a and 7b.
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4. Discussion: Triggering Effects on Earthquake
Populations, New Earthquakes

Thus far we have considered the effect of triggering loads on
a single fault, but in practice, it may difficult to isolate the
effect of stress history on a single fault generating repeating
earthquakes, analogous to our spring and slider block model.
A more tractable test of rate-and-state predictions may be the
response of earthquake populations to changes in stress which
may be revealed in changes in seismicity rate [Reasenberg and
Simpson, 1992; Dieterich, 1994; Stein et al., 1997; Toda et al.,
this issue]. We now summarize some of the observations that
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background load plus a transient (Figures 8a and 8b) or static (Figures 8c and 8d) load. (a) and (c) Each block
represents a fault at a different stage in the loading cycle and each row represents an instant in time. At the
constant background loading rate the faults would be loaded along the dashed lines, so that one fault fails per
unit of time. If a transient triggering load is applied at ¢, (middle row), the loading process is clock advanced
as shown by the solid lines. For either the transient or static load, there is an initial increase in the number
of faults that fail (represented by blocks that have crossed the vertical failure line). However, for the transient
load the remaining faults are now farther apart in their loading cycle (represented by wider spacing between
blocks on a row), and for the static case they are closer together (see Figure 3). (b) For the transient load the
increase in seismicity rate cannot last longer than the transient duration ¢,,, and the rate later decreases to
below the background rate. (d) The increased rate persists longer for the static load (blocks/faults are now
more closely spaced in the loading cycle). The seismicity rate following the rate increase and transient
quiescence depends strongly on how the system is “recharged”; i.e., whether the site labeled “cycle start” is
filled with faults that just failed or from some reservoir of available faults. In figures 8b and 8d, in the case with
no recharge, the seismicity rate will experience a quiescence for both the static and transient loads (solid
curve) and the pattern of seismicity repeats until another triggering load perturbs it again. In the case with
recharge, the seismicity rate will return to the background rate (shaded curve).

may help to discriminate between two models of earthquake
triggering. In one model, triggered earthquakes are those with
failure times advanced by the triggering load (i.e., clock ad-
vanced). Alternatively, triggered earthquakes may be “new,”
that is, ones that would not have occurred in the absence of the
triggering load [Gomberg et al., 1997]. We conclude below that
neither model may be rejected using existing seismicity data.
However, these hypotheses may be testable in the laboratory
or perhaps with real earthquake data as yet uncollected.

To date, evidence of both near- and far-field triggering has
been identified by periods of increased seismicity rates which
have durations that significantly exceed those of possibly caus-

ative transients such as seismic waves. The duration of this
increase and whether it is followed by a return to the back-
ground rate or a quiescence might serve to illuminate the
characteristics of fault populations and triggering loads. For
example, consider a fault population in which earthquakes
occur at constant rate under background loading. Figure 8
illustrates schematically the possible effects on seismicity rates
on such a population, of superposing a transient or static load.
The effects of either triggering load are to cause some faults to
fail immediately and bring others closer to failure (i.e., cause
clock advance). For any type of triggering load the evolution of
seismicity rates depends strongly on whether the population of
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seismogenic faults is finite or effectively infinite. For a finite
population of faults an increased earthquake rate leaves fewer
faults available for failure and thus a quiescence follows a
seismicity increase (Figure 8d, solid curve). However, for a
sufficiently large reservoir of available faults subjected to a
stress step, no quiescence results because those faults that
failed during the period of increased seismicity need not be
reloaded for the seismicity rate to return to the background
level (Figure 8d, shaded curve). The assumption of an essen-
tially infinite population is implicit in the modeling of after-
shock seismicity by Dieterich [1994] and seems reasonable for
small magnitude earthquakes. However, above some magni-
tude level the population of available faults must be finite,
although rates of earthquakes become more difficult to esti-
mate. A quiescence results from a transient load for either a
finite or infinite fault population because the clock advance is
greater for earthquakes farther along in their loading cycle (see
Figures 8a and 8b). A quiescence results from a static load only
for a finite fault population (see Figures 8c and 8d). Thus a
quiescence is only consistent with a model in which triggered
earthquakes are events that are clock advanced by static stress
changes on a finite set of available faults or by stress transients
on any fault population. We also note that the rate-and-state
clock advance model predicts that the duration of increased
seismicity cannot exceed the duration of the triggering tran-
sient load (Figure 8a). These characteristics might permit us to
distinguish between static and transient triggering (e.g., as in
work by Dieterich [1993]), assuming that triggering simply al-
ters the timing of earthquakes.

In a number of observational studies, rate increases are
followed directly by a return to the background rate. For ex-
ample, Dieterich [1994] finds that seismicity rates during and
following a number of aftershock sequences may be fit with
functions that quickly return from elevated values to the back-
ground value. Indeed, many aftershock sequences may be de-
scribed by Omori’s law, in which the immediate increase in
numbers of earthquakes decays hyperbolically with time to the
background rate. Albeit qualitative, evidence cited by Gomberg
and Davis [1996] does not indicate any quiescence following
both aftershock and remotely triggered earthquake sequences
at The Geysers, California. Remotely triggered earthquakes at
Long Valley, California, occurred in excess of the background
at a statistically significant level [Hill et al., 1995], with no
subsequent quiescence. In contrast, Jones and Hauksson [1997]
detected quiescences following seismicity increases (for M >
3.0 events) after the two largest earthquakes in historic times
in southern California. Assessing whether quiescence is rela-
tively less common is difficult, as the signal in a quiescent
period is more difficult to observe because it is bounded (i.e.,
the seismicity rate cannot be less than zero). Thus it may
require assessing statistical significance for a small number of
data, particularly in regions of low background seismicity rates.

An alternative interpretation of seismicity data relevant to
triggering is that some or all of the triggered earthquakes are
actually new. New earthquakes may be dormant faults which
are activated by a change in stress orientation associated with
the triggering load [Michael, 1987]. New earthquakes might
also be existing active faults which creep in a “conditionally
stable” fashion in response to the background loading but slide
unstably when perturbed (see Boatwright and Cocco [1996] and
Gomberg et al. [1997] for discussions of plausible new earth-
quake models). If new earthquakes are generated by the trig-
gering load, those events appear as excess events above the
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background population. In this case, increases in seismicity
rates caused by static or transient loading need not be followed
by quiescences. In addition, if transient triggering of new earth-
quakes occurs with some delay the period of increased seis-
micity rate may exceed the duration of the transient. Therefore
the presence of new earthquakes would not allow finite or
infinite populations and the type of triggering load to be dis-
tinguished from one another (i.e., a lack of quiescence and the
duration of rate changes are no longer distinguishing features).

5. Conclusions

Observational evidence for both static and transient near-
and far-field triggering may be explained in terms of a fric-
tional instability model, where the fault obeys rate-and-state
dependent frictional constitutive relations, as has been invoked
in previous studies to explain other aspects of the earthquake
cycle. We assume the normal stress to be constant. Simple
stress history changes or triggering loads added to a constant
stressing rate, consist of square-wave transients representing
seismic waves or stress steps representing static stress in-
creases. These changes lead to reduction in the failure time,
defining a clock advance relative to the failure time in the
absence of the triggering loads. Assuming a simplified form of
state variable, as advocated by Dieferich [1992], analytical so-
lutions for single square-wave and step loads can be developed.
The approximate closed-form equations we derive following
Dieterich [1992, 1994], also have been used to evaluate the
affect of static stress changes on seismicity rates [e.g., Toda et
al., this issue] and single earthquakes [see Harris and Simpson,
this issue]. We expand on the work by Dieterich [1992, 1994]
and develop closed-form equations for transient loads.

Calculations based on this closed-form approximate formu-
lation and full solutions calculated numerically show that clock
advance is a complex function of the load characteristics. The
transient amplitude must be several hundred times greater
than the static value to cause equal clock advance, consistent
with observational and theoretical evidence. The relationship
between clock advance A¢ and the time the triggering load is
applied, ¢,, differs for the transient and static loads. A static
load imposed late in the earthquake cycle causes less clock
advance than an equal load imposed earlier. For a transient
load the opposite is true; At increases with increasing t,. This
dependence of At on t, has implications for the stresses re-
quired for failure; for transient loads the stress at failure will
always be less than it would have been without any triggering
load. This may also be true for static loads, and it is also
possible for the failure stress to exceed the background-only
value. Another consequence of the rate-and-state model is that
the total slip at failure is a constant for any given set of model
parameters. Thus triggering thresholds correspond to a maxi-
mum slip. The accuracy of the closed-form solution to the
rate-and-state equations differs from the full solution as a
function of ¢, always underpredicting the clock advance. The
difference is ~10% at 85% of the cycle time and may exceed
30% when t, occurs before 55% of the cycle has elapsed.

Coulomb failure predictions generally differ significantly
from those based on rate-and-state friction. Unlike the rich
variation in At as a function of ¢, predicted by the latter,
Coulomb failure models predict that Az equals the amplitude
of the static stress change divided by the background loading
rate. In comparison to the rate-and-state model the Coulomb
failure model underpredicts Az for triggering loads applied
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Figure Al. Schematic illustration of equations (Al) and (A2) for (a) the transient and (c) static load
functions L and (b) and (d) how the corresponding velocities evolve with time. Square waves represent
transients, or equivalently the numerical form of the integral that constrains L (i.e., equals
exp (Bla) exp (f,t/a) + L). The closed-form solution is shown by the solid curves; the effect of the
triggering load is to scale the amplitude of the background load by a factor of exp (B/a). Results for later
applied loads are shown by longer dashed curves, earlier ones by shorter dashed (shorter plus longer for the
static load function) curves, and solid curves for a background load only. These figures are schematic in order
to permit the relevant responses to be shown on a single figure (acceleration to instability takes years, while
transients last several hours at most). However, all the features of these figures are based on actual calculations.

early in the cycle and overpredicts it late in the cycle. For the
Coulomb failure model, At = O for any transient load, whereas
At > 0 for the rate-and-state model. Finally, instead of a slip
failure threshold, a constant amplitude stress failure threshold
is implicit in Coulomb models.

Determining the effect of stress perturbation on a popula-
tion of faults obeying rate-and-state friction relations to match
observed changes in seismicity rate is not straightforward be-
cause it requires assumptions about population characteristics.
If triggering is equivalent to causing clock advance then its
effect on seismicity rates will depend on whether the popula-
tion of faults is finite or is effectively infinite (as Dieterich
[1994] assumes). In addition, the duration of increased seis-
micity triggered by a transient cannot exceed the transient’s
duration. Seismicity characteristics such as quiesciences and

the duration of rate changes may distinguish between charac-
teristics of fault population size and triggering load types.
However, seismicity data can no longer distinguish between
these if an alternative view is adopted, that is, that triggered
earthquakes are actually “new” (would not have happened in
the absence of the triggering load). '

We conclude that both static and transient deformation
changes may hasten the occurrence of future earthquakes. At
near-field distances, within the traditionally recognized after-
shock zone, both seismic wave transients and static coseismic
changes may induce instabilities with variable time delays. At
remote distances, only seismic wave transients have sufficient
energy to cause the changes that result in local slip instabilities.
To the extent that earthquakes may be characterized as fric-
tional instabilities, the evidence we present clarifies the chal-
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lenge of deterministic time predictability of most earthquakes.
In order to predict the time of an earthquake successfully, we
now must know, and properly account for, the fault’s slip his-
tory and the applied loads it has experienced.

Appendix

The relationships between L and ¢, (Table 2) for transient
and static loads may be understood by considering the static
load function to be a sum of transients. This can be seen by first
separating the right side of (8) (describing the temporal re-
sponse) into three intervals. These correspond to the interval
prior to the application of the triggering load, to the duration
of a transient, and to the remaining time when a static load
may be imposed, as follows:

f’ exp ([l%bt’ +Bf(t’)]> it

a

fo it B to+ty it
= f exp (%) dt' + exp (;)J exp (“2—) de’
0 f )

0

B\ [* Lyt
+ exp <_a—t>J exp(%’——) dt’

tottw

(A1)

B, = 0 for the square-wave load, and B = 0 and B, = 0 for
a background load only. We use the approximations that
exp (fpt,/a) — 1 =~ (fu,t,/a) and that the durations prior to
t, (first right-side integral of (Al)) and after 4 + t,, (third
right-side integral) may be divided into M and N intervals of
widths ¢, respectively. The integrals of (Al) may then be
written as sums (equivalent to evaluating them numerically) as

! Loy’ +BFE)]Y
expl| — dt
0
M-1 .
mupt,, B ¢
=t, z exp kg e exp| —| exp B
ot a a
- [ Bg Rako p 7 ok
texp|— e %exp — (A2)

Figures Ala and Alc graph expressions (Al) and (A2) sche-
matically for both the transient and static loads, and Figures
Alb and Ald show how the corresponding velocities evolve
with time. The effect of a transient load on its L is to scale the
amplitude of the background load during the time it is applied
by a factor of exp(B/a). Therefore, because the background
load grows with time, the transient L will be increased by a
greater amount the later the transient is applied. A later tran-
sient thus leads to a larger clock advance (Figures Ala and
A1b). Equation (A2) shows that the static load function may be
considered as a sum of transient contributions. Applying a
static load earlier (and thus for a longer time) is equivalent to
adding more transients such that a larger static L and a greater
clock advance result (Figures Alc and Ald).
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